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Example: Call center

004 Wy Dt Poivie i
e A AB e Casmic € s
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1DON'T UNDERSTAND WHY YOU ARE S0 UPSET
ABOUT THE TIME YOU HAVE SPENT ON THE
PHOME. | TALK ON THE PHOMNE ALL DAY, AND I
FEEL FINE!
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Usual assumptions

e arrivals are Poisson with constant rate A
e service durations are exponential with constant rate p

Does call center data really look like this?
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Arrivals are overdispersed

Variance
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An overdispersed arrival process

Re-sample
arrival rates
every n—¢
time units

6/45



An overdispersed arrival process

Re-sample Obtain
arrival rates nXy, nX, ...
every n—¢ for i.i.d.

time units (Xi)ien
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An overdispersed arrival process

Re-sample Obtain
arrival rates nXy, nXo, ... NlrJrT/bler iof
every n—“ for i.i.d. arrivals 1s

time units o mixed Poisson
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An overdispersed arrival process

Re-sample Obtain

arrival rates nXi, nXz, ... AL ()
every n—o S el _arnval; is
time units (Xien mixed Poisson

Total number of arrivals at time t is Poisson with random
mean-value function

n“t

t
/ r(s)ds = nXpa :=n'"* > " X;.
0 e



An overdispersed arrival process

Re-sample Obtain

arrival rates nXi, nXz, ... Nur_nber .Of
every n~ for i.i.d. arrivals is
fime units (Xien mixed Poisson

Total number of arrivals at time t is Poisson with random
mean-value function

n“t

t
/ r(s)ds = nXpa :=n'"* > " X;.
L i=1

What is P,(a) .= P <Pois (nYnm> > na> fora > EX;?



Another example

What about

where EX > EY?
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Another example

What about

where EX > EY?

Applications:

o P (minie{1,...,dx} Xni < MaXie(1, _dy} Vn,i), the probability
of false classification in LLR testing for anomaly
identification



Another example

What about

where EX > EY?

Applications:

o P (minie{1,...,dx} Xni < MaXie(1, _dy} 7n,i>, the probability
of false classification in LLR testing for anomaly
identification

o P (3/ e{t,...,d—k+1}: Xpg < 7,,7(,@,-_1)) with
applications in packing or queuing problems
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Theorem (Cramér)

Let (Y;),cn be a sequence of i.i.d. random variables taking
values in R and with finite MGF M(0). Then fora > EY; the
sequence of sample means Y , satisfies

( %Iog]P’(\_/nZa>—>—infx2a/(X) )

as n — oo, where

I(a) := sup {#a— log M(6)}
0

is the Legendre transform of log M(6).
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Theorem (Cramér)

Let (Y;),cn be a sequence of i.i.d. random variables taking
values in R and with finite MGF M(0). Then the sequence of
sample means Y , satisfies

[ },IogIP’(V,,za) — —I(a) J

as n — oo, where

I(a) := sup {#a— log M(6)}
0

is the Legendre transform of log M(6).
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How accurate is this?

( },Iogl[”()_/n > a) — —I(a) J

This suggests the approximation

P (7,, > a) ~ e Ma),
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How accurate is this?

( },Iogl[”(\_/n > a) — —I(a) J

This suggests the approximation

P (\_/n > a) ~ e Ma),

But note that Cramér actually only says that

P (7,, > a) — ¢(n) e @), %Iog £(n) — 0.
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How accurate is this?

( %Iog]P’(\_/n > a) — —I(a) J

This suggests the approximation

P (7,7 > a> ~ e Ma),

But note that Cramér actually only says that
> _ —nia) ]
IP(Y,,Za) =¢(n)e , Elogg(n)—>0.

Thus, £(n) = 10'%, or n'%°, or even exp(n°99) are possible!
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ldentify £(n) = Exact asymptotics

Theorem (Bahadur-Rao)
Assume the conditions of Cramér. Then, provided that 6(a)

exists such that
I(a) :=sup{fa— A(9)} = 6(a)a— A(6(a)),
0

we have

( P (\7,, > a) ~ %7 C(a) e @ )

where (for non-lattice Y;) C(a) = (H(a) 277/\”(0(3)))_1.
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Sketch of proof

Idea: Apply a change of measure so that event of
interest is not rare

= Central limit arguments apply
(Berry-Esseen)
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Sketch of proof

Chernoff bound:
P(Vn Z a) =P (ee 27:1 Yi 2 eé)na) S e—()naE [692721 Y,i|
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Sketch of proof

Chernoff bound:
P(Y,>a)=P (ef’ XY e9”a) < e ’™E [6927:1 Y’}
Therefore:

LiogP (Vs > a) < —max, {2 log M(8)} = —/(a)
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Sketch of proof

Chernoff bound:
P(Y,>a)=P (d’ i Yi > eena) < g-tna [ee T y,}
Therefore:
TlogP (Vn > a) < —maxy {#a—logM(6)} = —I(a)

Note: Maximising 6* satisfies a — M'(6)/M(6) = 0
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Sketch of proof
Chernoff bound:
P(Y,>a)=P <e9 XY > e"”a) < g fnaf [6927:1 YI}
Therefore:
LlogP (7,7 > a) < —maxy {#a—logM(0)} = —I(a)
Note: Maximising 0* satisfies a — M'(6)/M(6) = 0
= To “make” Y, have mean a, define density g(-) s.t.:

- - - Ep|Ye?"Y
Eq Vol =[5,y q)dy = i) = ﬁp[[ee*ﬂ]
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Sketch of proof
Chernoff bound:
P(Y,>a)=P <e9 XY > e"”a) < g fnaf [6927:1 YI}
Therefore:
LlogP (7,7 > a) < —maxy {#a—logM(0)} = —I(a)
Note: Maximising 0* satisfies a — M'(6)/M(6) = 0
= To “make” Y, have mean a, define density g(-) s.t.:

- - - Ep|Ye?"Y
Eq Vol =[5,y q)dy = i) = ﬁp[[ee*ﬂ]

= Choose q(y) = e PY)-
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Can we apply Bahadur-Rao?

( P (7,, > a) ~ # C(a) e"(@ )
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Can we apply Bahadur-Rao?

( P (7,, > a) ~ % C(a) e"(@ )

Fora =1:

P (Pois (X ) = na) =P (4 X1, Pois(X) > a) v
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Can we apply Bahadur-Rao?

( P (7,, > a) ~ % C(a) e"(@ )

Fora =1:

P (Pois (X ) = na) =P (4 X1, Pois(X) > a) v

Fora # 1: ?
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A recipe for mixtures

© |dentify point of concentration a*

® Get exact asymptotics for lower bound a‘i*_f,
 Bahadur-Rao
o Taylor approximation

using, e.g.:

(3) Sh9w that first and last summand of upper bound
JE T+ [2 75+ [, are negligible (and thus lower and

*—g

upper bound coincide)
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A guess for the rate function

o n) :=P max X, < min Y,
e (1) (ie{1 ..... a7 T et ndyy "

o
:/ P( max 7/n§a)IP’( min \_/,-neda)
—00 i€{1 aaaa dX} ’ /6{1 ..... dy}
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A guess for the rate function

Qg dy (M) ::IP’( max X;,< min T/,-’,,)

ie{t,.dxt T ie{d,..,dy}
o0 —_— —
:/ IP’( max X/n§a>IP’( min Y,-neda>
oo \i€{1,.dx} ie{t,,dy}
~e—dxIx(a) ze—;dryly(a)
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A guess for the rate function

gy dy (1) :=IP( max X;, < min 7,-,,,)

ie{1,....dx} ie{1,...,dy}
o N7 —
2/ P( max Xinga)IP( min Y,-neda)
—co  Ni€{l..dx} 7 ie{1,...dy}
ze*f;;x/x(a) %e—;dryly(a)

— I

_IX+/Y

EY a* EX
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a‘ :=argmindJ(a)

K(a) =( = Cx(a)) ™ Cy(a)* dyly(a)

Proposition (K., Mandjes, Taimre)
Suppose that X and Y are continuous, and fulfil the conditions
of Bahadur-Rao. Then,

adx,dy(n) ~ n(‘l*dx*dy)/Z K(a*) J”2(7;*) efnJ(a*)‘
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Proof: Lower bound

Assume that that Cy, Cy, K are smooth.

gy ay () = /Oo (]P’ (717,7 > a))dY]P’ (ie{TaXdX}X,-,n € da)

AN L A

a+e /o (a) dy .
> Ye”’Y(3)> P < max X, € da>
N/a*s < vn e, .yt "

a*+e
:/ ...da+g(a +e,n) —g(a —e,n,
a

*—e

where

d d
g(a,n):= (%e—”/ﬂav 4 (_%e—nlx(a)) X.
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Proof: Lower bound

Assume that that Cy, Cy, K are smooth.

gy ay () = /Oo (]P’ (717,7 > a))dY]P’ ( max X € da)

—o0 ’6{1 ----- dX}

a+e /o (a) dy o
> Ye”’Y(3)> P < max X, € da>
N/a,*s ( vn e, .yt "

a*+e
:/ ...da+g(a +e,n) —g(a —e,n,
a

*—e

where

d d
g(a,n):= (%e—”w(a)) 4 (_%e—nlx(a)) X.

We will show that first term has decay rate J(a*)
= g(a* £ ¢, n) are negligible
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Proof: Lower bound

So we focus on the remaining term:

a*+e

adx7dy(n) > / 500 e‘”‘/(a)da

a*—e

_ enJ(a*)/a e enlU@—u@)] g
a

*—g
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Proof: Lower bound

So we focus on the remaining term:

a‘+e
adx’dy(n) > / 500 e_”‘/(a)da
a*—e
_ enJ(a*)/a e enlU@—u@)] g
a*—e

How does e~"#@—4@)] pehave?
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Proof: Lower bound
With ¢(a) = o(a?), by a Taylor expansion of J(a) around a*:
J(@) -~ J(@) < y J(@)a- &) +ula-a),

where we used that J(a) is minimal at a*.
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Proof: Lower bound
With () = o(a2), by a Taylor expansion of J(a) around a*:
J(a) - d(&) < 3 (@) a- ) +ia- ),
where we used that J(a) is minimal at a*.

This upper bound yields

/ T enlava] g >
a

*—g

n'=(@td/2 ini K(a) / T el @)@+ ua) g
) -

ac(a*—e,a*+e
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Proof: Lower bound

/ T o) +u(a)] g

Apply transformation b = \/nJ"(a*) a:
£ n //(a*

\/J” ar) /a \/nJ"(a*)

et /2=n(b/\/al" (@) gp,
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Proof: Lower bound

/ © ol @)@+ g

Apply transformation b = /nJ"(a*) a:
£ N //(a*

/ o b?/2-mi(b/\/nI"(@) 4,
\V J” € nJ”(a*

By dominated convergence, and since 1)(a) = o(&%):

G J// * 0o
[ e T@ Dy [ o tiap = v
_E\/W —00
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Proof: Lower bound

Letting e — 0, we have found:

lim inf n(dx+dv=1/2 gnd(@) oy ()

> K(a"), /%.
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Proof: Upper bound

Similarly, we can show:

*+8
lim sup n(@x+dv=1)/2 gnd(a) ) ...da
n—oo a*—e
27
> K(a* .

= It remains to be checked that [% ~°...daand Joie

—00

are asymptotically negligible.

.da
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Proof: Upper bound

By a Chernoff bound,

a*—e — dy _
/ P(sza) IP’< max X,-,,eda)
_ ’ i€{1 dx} ’

o =~ 72 \/eihes

EY o
< / P < max Xjp € da)
e ie{1,....dx}

a‘—e X
n / e ndvlv(a) p < max Xip € da)
EY
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Proof: Upper bound

By a Chernoff bound,

a*—e _ dy o
P(Yi,>a P max X;, <€ da
/_ ( L= ) (ie{1 " )

co >~ 7 \I=thes

EY -
< / P ( max X, € da)
J_ ic{l,...dx}

a*—e Y
N / e—ndvlv(a) p ( max X, € da>
ey ie{1,...,dx}
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First term

EY o - dy
/ P ( max X,"n € da) =P (th < ]EY) < efndx/x(EY)
ie{1,...,dx}

—00
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First term

EY o - oy
/ P ( max X,-’n S da> =P (th < Ey) < e dxIx(EY)
i€{1 ..... dx}

—00

So the rate function is

—dxIx(EY) = — (dxIx(EY) + dyly(EY))

27/45



First term

EY o - oy
/ P ( max X,-’n S da> =P (th < Ey) < e dxIx(EY)
i€{1 ..... dx}

—00

So the rate function is
—dxIx(EY) = — (dxIx(EY) + dyly(EY))
By definition of a* this is smaller than

— (dxIx(a") + dyly(a")) = —J(a")
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Proof: Upper bound

By a Chernoff bound,

a*—e d o
/ P(Y1n>a) YIP’(' max X,-y,,eda)

B EY .
< / P ( max Xjp € da)
e ie{1,...,dx}

28/45



Proof: Upper bound

Integrating by parts we obtain an upper bound

o — dx
e—ndyly(a —E)IP) (th <a — 8)

a‘—e - d
+/ ndyl\,(a)e~"rv(@p (Xm < a) “da
EY
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Proof: Upper bound

Integrating by parts we obtain an upper bound

efndy/y(a”fs)ﬂp <Y1_n <a-— E,> dy

a‘—e , d
+/ ndyl\,(a)e~"r(@p (XL,7 < a> *da
EY

Applying Bahadur-Rao:
© Rate function is J(a* — ¢)
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Proof: Upper bound

Integrating by parts we obtain an upper bound

o — dx
e—ndyly(a —E)P (th <a — 8)

a*—e . d
4+ / ndyl\,(a)e "M ap <X1.n < a) “da

Applying Bahadur-Rao:
© Rate function is J(a* — ¢)
® 3, n'~%/2dyl,(a)( ~ Cx(a)) e ™@da
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Proof: Upper bound

Integrating by parts we obtain an upper bound

* = dX
e—ndyly(a —E)P <X1,n < a — 5)

a—e , d
+/ ndy I}, (a)e~ " r(@p (XL,7 < a) " da
EY

Applying Bahadur-Rao:
© Rate functionis J(a* — ¢)
@ [ n'=%/2gy [, (a)( — Cx(a))Xe ™ (@da

f(a)
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Proof: Upper bound
Because J(a) > J'(a* —¢)(a— a* + ¢) + J(a* —¢) for any a,
/a*_E n'=%/2 f(a) e™@da
E

Y

< e—nJ(a*—s) n1 —dy/2 /a - f(a)e—nJl(a*_5)(a—a*+6)da
EY
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Proof: Upper bound
Because J(a) > J'(a* —¢)(a— a* + ¢) + J(a* —¢) for any a,
/a*_E n'=%/2 f(a) e™@da
E

Y

< efnJ(a"fe) n‘l —dy/2 /a - f(a)e_nJ/(a*_5)(a—a*+e)da
EY
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Proof: Upper bound

Because J(a) > J'(a* —¢)(a— a* + ¢) + J(a* —¢) for any a,

/a -k f(a) e ™ @da
EY

*

< g-mar—e) i—dy/2 / f(a)e (@ -e)a-a"+2) 44
EY
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Proof: Upper bound

Because J(a) > J'(a* —¢)(a— a* +¢) + J(a — ¢) for any a,

/a T 1—d/2 f(a) 6@ dg
EY

< @M@ —¢) pi—dx/2 /.a; f(a) e/ (@ —e)a-a"+9) 44
JEY

n—oo

a*—e
lim sup % Iog / f(a) efnJ’(a*,s)(a*(a*,s))da
EY

a‘—e
< limsup % Iog/ f(a)da=0
EY

n—o0

v
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A recipe for mixtures

© Identify point of concentration a*

® Get exact asymptotics for lower bound a‘i*_*f, using, e.g.:
e Bahadur-Rao
o Taylor approximation
o .. v

® Show that first and last summand of upper bound
a‘—e a*+e 00 .
oo™+ oS + [, are negligible (and thus lower and

upper bound coincide) v
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Proposition (K., Mandjes, Taimre)

Suppose that X and Y are continuous, and fulfil the conditions
of Bahadur-Rao. Then,

gy (1) ~ =B/ () ‘///2(7;*) @)
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Application I: Anomaly identification

! ! ! !
0 10 20 30 40 50

Goal: identify the anomalous process (the one with known
target distribution G), no prior belief which one it is

33/45



Application I: Anomaly identification

We declare process i to be anomalous based on a total of dn
observations

ZI X/ k)|XI :Xi(k - 1))

f(xi(k) \x,(1 ..... xi(k — 1))

> Zi(n).
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Application |: Anomaly identification

We declare process i to be anomalous based on a total of dn
observations

> Zi(n).

G gk |xi(1), - xi(k = 1))
Ziln) = n;bg FOa(R)|x(1), - xi(k — 1))

Label anomalous process with 1. The event of a false selection,
i.e. of declaring the wrong process to be anomalous, based on
dn samples is given by

34/45



Application II: Order statistics

If i* := arg min;c 4
have:

d—k+1} Ja—i+1 k+i-1(a"), is unique, then we

7777

P(3i€{1,...,d—k+1}i 7(/),n<7(k+i—1),n)

d d
~ < K+ i* — 1 ) ( d—i*+1 ) (ldfi*:+1,k+i*f1(n)
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Application II: Order statistics

If i* :=argmin;crq g ki13 Ja—i+1,k+i-1(a"), is unique, then we
have:

P(3i€{1,...,d—k+1}i Y(i)’n<7(k+;,1)’n>

d d
~ K+ i* —1 d—i*+1 (1dfi‘v+1.k+/*71(n)

The proof relies on the fact that P <7(,-),,, < 7(,-+k_1),,,) can be
written as

d d . - v
, , Y; X;
( k+i—-1 > ( d—i+1 >P<je{1,.r_r_1,lkrli—1} ”">je??,€1.),(d} LD

Yin> max Y, max Xj,< min X;,].
jetke+i,....d} j€diynnd} je{t i1}

aaaaa
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Mixed Poisson example

( Pn(a) =P (Pois (nYna) > na) ~ 7 )
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Mixed Poisson example

( Pn(a) =P (Pois (nYna) > na) ~ 7 J

Point of concentration:

if « > 1: n® large compared to n, so X« close to mean,
and Poisson random variable takes value a
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Mixed Poisson example

( Pn(a) =P (Pois <n7,,a> > na> ~ 7 J

Point of concentration:

if & > 1: n® large compared to n, so X close to mean,
and Poisson random variable takes value a

it o < 1: n* small compared to n, so large deviation caused
by X« being close to a

36/45



Proposition (Heemskerk,K.,Mandjes)
Fora >3, asn— oo,

C ois(v)( @
Pn(a) ~ o~ pois(v) () ZPOISW)AE) \/(F))( )
Fora < §,asn— oo,
Cx(a)

— Ot/
Pn(a) ~e™" X(a)W'

37/45



Importance sampling

Goal: Estimate P (\_’n > a), where a > EY

Idea: To make sampling more efficient, change the
measure such that event of interest is not rare
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Importance sampling

Goal: Estimate P (Vn > a), where a > EY

Idea: To make sampling more efficient, change the
measure such that event of interest is not rare
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Importance sampling

Goal: Estimate P (7,7 > a), where a > EY

Idea: To make sampling more efficient, change the
measure such that event of interest is not rare

Recall from proof of Bahadur-Rao that the exponentially tilted
measure q(y) = % p(y) seems to be a good idea.

38/45



Importance sampling for aq, ¢, (N)

Exponentially tilted measures:

gfx(@)x efr(@)y
ax(x) = WPX(X)7 av(y) = WPY(Y)

Is this a good choice?

39/45



Asymptotic efficiency

Variance of the estimator:

Bq | (L1{Vn2 a})"| -7 (Vaz a) 20

40/45



Asymptotic efficiency

Variance of the estimator:

Bq | (L1{Vn2 a})"| -7 (Vaz a) 20

|inr1i0gf,17 log Eq [Lz 1 {?n > aH > _2/(a)
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Asymptotic efficiency

Variance of the estimator:

Bq | (L1{Vn2 a})"| -7 (Vaz a) 20

lim inf ~logEq [LZ {Y,, > aH > —2l(a)

n—o0

n—oo

( lim sup — Iog Eq [L2 {Y,, > aH < —2l(a)
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Asymptotic efficiency for aq, 4,(n)

« 2nd o 2nd
Eq(L21{...}) = (Mx(6(a")))""™ (My(6(a")))"™"
« Eq [ezex(a*) 22(1 S0y Xik e—29y(a*) 27!1 P/ Yj,z]l{. B }}

41/45



Asymptotic efficiency for aq, 4,(n)

« 2nd; o 2nd’
Eq(L21{...}) = (Mx(6(a*))) "™ (My(6(a))) """
% Eq [e2ex(a*) 2,2(1 S ohe Xik e—29Y(a*) 27!1 > o1 Yj,z]l{. - }}

o I'(a) =0'(a)a+0(a) - yoane'(a) = 6(a)
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Asymptotic efficiency for aq, 4,(n)

« 2nd; o 2nd’
Eq(L21{...}) = (Mx(6(a*))) "™ (My(6(a))) """
% Eq [e2ex(a*) Z,iﬂ S ohe Xik e—29Y(a*) Z}Z > o1 Yj,z]l{_ - }}

o I'(a) =0'(a)a+0(a) - yoane'(a) = 6(a)
o 0=J(a") = dxly(a") + dyly(a") = dxfx(a*) + dyby(a")
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Asymptotic efficiency for aq, 4,(n)

« 2nd o 2nd
Eq(L21{...}) = (Mx(6(a"))) "™ (My(6(a")))""™"
« Eq [e2ox(a*) 22(1 S0y Xik e—29y(a*) 27!1 Py Yj,z]l{_ B }}

o I'(a) =0'(a)a+0(a) - yoane'(a) = 6(a)
o 0=J(a") = dxly(a") + dyly(a") = dxfx(a*) + dyby(a")
o dxfx(a’) = —dyby(a")
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Asymptotic efficiency for ag, q,(N)

« 2nd.; * 2nd:
Eq(L21{...}) = (Mx(6(a")))""™ (My(6(a))) """
% Eq [e—zex(a*) 22(1 Shet Xik e—29y(a*) 27!1 Py Yj,eﬂ{. o }}

dx n dx n

< —dyfy(a szje dxOx(a szje

=1 ¢=1 =1 ¢=1
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Asym

ptotic efficiency for ag, q,(N)

Eq(L21{...}) = (Mx(6(a")))>"™ (My(6(a")))>""

x Eq [9—29x(3*) 22(1 ko1 Xik g—20v(@") 27:\(1 2l YMIL{. .. }}

/

-~

<1

lim sup % logEq [L21{...}]

n—oo

<

2dx Ax(0x(a*)) + 2dy Ay(8y(a*))

28" [dx@x(a*) + dy@y(a*)] + 2dy Ax(ex(a*)) + 2dy /\y(ey(a*))

—2J(a").
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Asymptotic efficiency for ag, q,(N)

«\\\ 2nd, 2\ 2nd
Eq(L?1{... }) = (Mx(6(a")))""™> (My(6(a"))) """
< Eq [9—29x(3*) S Sy X g2 S Tt Vg ¢ }}

/

-~

<1

lim sup % logEq [L21{...}]

n—oo
<

2dx Ax(0x(a*)) + 2dy Ay(8y(a*))

28" [dx@x(a*) + dy@y(a*)] + 2dy Ax(ex(a*)) + 2dy /\y(ey(a*))

—2J(a").

v
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Example

PP

log (I?’n(a))

Ll \H@.H\ L LTI T T

Logarithmic importance sampling (IS) and crude Monte Carlo
(MC) estimators for P,(2), where X; ~ Exp(1), a = 2. Upper
bounds of sample confidence intervals are indicated by dotted
lines (width of intervals is inflated by a factor 10°3).
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Conclusions

¢ Be cautious with logarithmic asymptotics

e To prove exact asymptotics for mixture distributions, we
often do not need the change of measure if we know the
point of concentration

o Asymptotically efficient importance sampling estimators
are suggested by large deviations
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Conclusions

¢ Be cautious with logarithmic asymptotics

e To prove exact asymptotics for mixture distributions, we
often do not need the change of measure if we know the
point of concentration

o Asymptotically efficient importance sampling estimators
are suggested by large deviations

Thank you!
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