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A simple state space model

Xt+1 = AXt + Yt

Vt = BXt + Zt
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Application to traffic modelling

Source: Sumitomo Electric
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State space model with shift

Xt+1 = AXt + Yt + M 1{t≥k}

Vt = BXt + Zt + N 1{t≥k}
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We need to decide whether a change has occurred or not:

H0 : No change has occurred.

H1 : There is a change point k with 1 ≤ k ≤ m.

Note that H1 =
⋃

k H1(k ).
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How do we do that?

stopping rule

test statistic

threshold
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CUSUM method

Test statistic: LLRk ,m =
∑m

t=k `(Vt )

Stopping rule: τ = inf{m : maxk LLRk ,m > b}

Performance criterion: E0τ ≥ κ

Threshold: Asymptotics (for i.i.d.),
recursive integral equations,
numerical methods
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Window-limited testing procedure

"now"
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Window-limited testing procedure

"now"

τ = inf
{

m : max{1≤k≤m} LLRk ,m > b
}
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Window-limited testing procedure

"now"

τWL = inf
{

m : max{m−n≤k≤m} LLRk ,m > b
}
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Our (stronger) performance criterion

Choose the threshold b in such a way that the proba-
bility of raising an alarm for the current window is kept
at a given low level:

P0

(
max

k∈{1,...,n}
LLRk ,n > b

)
= α
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Gaussian approximation

Recall that LLRs are partial sums: LLRk ,n
∑n

t=k `(Vt ).

⇒ Can apply Donsker’s theorem

P0

(
max

1≤k≤n
LLRk ,n > b

)
≈ P0

(
max

t∈[0,n]
σBt + µ t ≥ b

)
= 1− Φ

(
b − µn
σ
√

n

)
+ e

2bµ
σ2 Φ

(
−b − µn
σ
√

n

)
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Back to the model

Xt+1 = AXt + Yt + M 1{t≥k} , Vt = BXt + Zt + N 1{t≥k}

From Kalman filtering:

εt := Vt − B X̂t ,

where X̂t = E[Xt |V1, . . . ,Vt−1] is the minimum variance
estimator for the hidden state Xt .

The innovations εt are independent.
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Testing the innovations

The persistent change in mean in Xt and Vt results in a dynamic
change in the innovations; namely, the shift in mean on εt is

ρ(t , k ) = B
[
ψ(t , k )− A ζ(t − 1, k )

]
+ N ,

where ψ(t , k ) = Aψ(t − 1, k ) + M , ζ(t , k ) = A ζ(t − 1, k ) +
Kt ρ(t , k ), with initial conditions ψ(k , k ) = 0, ζ(k − 1, k ) = 0.
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Testing the innovations

Thus, we are interested in testing whether there is a change point
at some k ∈ {1, . . . ,n}, with t ≥ k :

H0: εt ∼ N (0, Ωt )

H1:
⋃n

k=1

[
H1(k ) : εt ∼ N

(
ρ(t , k ), Ωt

)]
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Testing the innovations

For large n − k we have

LLRk ,n ≈
n∑

t=k

ρ′Ω−1εt −
1
2
ρ′Ω−1ρ .

The mean and variance of the asymptotic likelihood increments
(under H0) are

µ = −1
2
ρ′Ω−1ρ , σ2 = ρ′Ω−1ρ .
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Gaussian approximation

P0

(
max

1≤k≤n
LLRk ,n > b

)
≈ P0

(
max

t∈[0,n]
σBt + µ t ≥ b

)
= 1− Φ

(
b − µn
σ
√

n

)
+ e

2bµ
σ2 Φ

(
−b − µn
σ
√

n

)
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Should b really be constant?
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Large deviation approximation

Gärtner-Ellis theorem:

lim
n→∞

1
n

log P0

(
1
n

LLRk ,n > b(k )

)
= I

(
b(k )

)
,

where

I
(
b(k )

)
:= sup

λ∈R

(
λb(k )− (1− βk ) Λ(λ)

)
is the Fenchel-Legendre transform of the limiting log-moment
generating function of the LLR:

Λ(λ) := lim
n→∞

1
n

log E0

(
eλ LLRk ,n

)
.
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Large deviation approximation

Gärtner-Ellis theorem:

lim
n→∞

1
n

log P0

(
1
n

LLRk ,n > b(k )

)
= I

(
b(k )

)
,

suggests to pick the threshold function b such that it satisfies

α = exp
(
−nI

(
b(k )

))
,

where we can compute

I
(
b(k )

)
= sup

λ

{
λb(k ) + (1− βk )

λ

2
(1− λ)ρ′Ω−1ρ

}
.

18 /27



Numerics
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Xt+1 =

(
0.5 a
a 0.5

)
Xt + Yt +

(
0
0

)
1{t≥k}

Vt = BXt + Zt +

(
2
2

)
1{t≥k}
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Conclusions

• We can test the independent sequence of innovations.

• Using approximate LLRs works well.

• LD threshold function is better than CLT threshold.

• Generally, we should choose a threshold function.

• Not from this paper: We should replace E0τ ≥ κ by false
alarm probability criterion.
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Thank you!
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Example: ARMA model

AR: Xt = ϕXt−1 + εt

MA: Xt = ϑ εt−1 + εt
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AR: LD threshold
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Large deviation approximation

Gärtner-Ellis theorem:

1− βk

n(1− βk )
log P0

(
1

n(1− βk )
LLRk ,n >

b(k )

1− βk

)
→ I

(
b(k )

)
,

where

I
(
b(k )

)
:= sup

λ∈R

(
λb(k )− (1− βk ) Λ(λ)

)
is the Fenchel-Legendre transform of the limiting log-moment
generating function of the LLR:

Λ(λ) := lim
n→∞

1
n

log E0

(
eλ LLRk ,n

)
.
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